Abstract. Several authors investigated the properties which are invariant under the passage from a group to its nonabelian tensor square. In the present note we study this problem from the viewpoint of the classes of groups and the methods allow us to prove a result of invariance for some geometric properties of discrete groups.
Formulation of the problem in terms of class operators
Brown and others wrote two fundamental contributions [4, 5] on the so-called nonabelian tensor square of a group, leaving a series of open questions which have been successively discussed in [6, 7, 9, 10, 11, 12, 15, 16, 19, 20] and in other works of different authors in recent years.
Following [4, 5] , one says that two groups G and H act compatibly upon each other, if
for g, g ′ ∈ G and h, h ′ ∈ H, and if they act upon themselves by conjugation. Note that we write conjugation on the left, so that g g ′ = gg ′ g −1 and
The nonabelian tensor product G ⊗ H of G and H is then the group generated by the symbols g ⊗ h with defining relations
If G and H act trivially upon each other, then G ab ⊗ Z H ab is the usual abelian tensor product (see [5, Proposition 2.4] ) of the abelian groups G/G ′ and H/H ′ . On the other hand, if G = H and all actions are conjugation, then the group G ⊗ G is called the nonabelian tensor square of G. Some of the main rules of calculation can be found in [4, Propositions 1, 2, and 3]. In particular, it turns out that the map
is an epimorphism of groups, where
is the derivative of G by H (see [9, p. 22] The nonabelian exterior product G ∧ H of G and H is the group
It is easy to check that
is a well-defined epimorphism of groups. If G = H and all actions are conjugation, then G ∧ G is called the nonabelian exterior square of G.
For the convenience of the reader, we recall the commutative diagram with exact rows and central extensions as columns as in [4] . It involves the second homology group of G, H 2 (G) = H 2 (G, Z) = ker κ ′ , which is isomorphic to the Schur multiplier M (G) of G, the third homology group H 3 (G) of G, the Whitehead's quadratic functor Γ and ker κ = J 2 (G) (see [4, 5] for details):
, one sees that the structure of G is influenced by that of G ⊗ G and viceversa. This motivated many authors to study those properties of G that are invariant under the operation G ⊗ G. More technically, given a class of groups X, the following implication
has been studied for several choices of X. With the notation X = SX, we mean that X is closed with respect to forming subgroups and with X = QX that X is closed with respect to forming quotients. The class operator NT is defined by
It is easy to see that NTX is well-defined and that the definition of G ⊗ G involves the existence of an action of G on itself by conjugation and in a compatible way. Now it is clear that (1.2) is equivalent to the closure of X with respect to NT, that is, NTX = X. Counterexamples may be given, once X does not satisfy elementary closure properties such as X = SX = QX. For instance, let Z 2 be the cyclic group of order 2, Z 4 the cyclic group of order 4 and D 8 the dihedral group of order 8; then [4, 
We conclude that the property of being factorized in the direct product of an abelian group by a nonabelian group is not closed with respect to NT. But also the property of being a cyclic group, which is closed with respect to S and Q, may give problems; the nonabelian tensor product of two cyclic groups may not be cyclic necessarily.
We recall now some notations from [14, 16, 17] :
C is the class of allČernikov groups; E n is the class of all n-Engel groups (n ≥ 1); F is the class of all finite groups; F p is the class of all finite p-groups (p prime); N is the class of all nilpotent groups; P is the class of all periodic groups; S is the class of all soluble groups; S 2 is the class of all soluble minimax groups; S 2 F is the class of all (soluble minimax)-by-finite groups; Z ∞ is the class of all polycyclic groups; Z ∞ F is the class of all polycyclic-by-finite groups.
The state of knowledge on NT is summarized by the next result, where we refer, directly or indirectly, to contributions of Bacon, Blyth, Ellis, Kappe, Inassaridze, Moravec, Morse, Nakaoka, Rocco, Russo, Sarmin, Visscher. Theorem 1.1 (See [12, 16, 19, 20] ). The class operator NT is closed with respect toČ,
Theorem 1.1 and other evidences force us to look for those X which satisfy at least X = SX = QX and hence this assumption will be done from now on until the end of the paper.
Some general facts from [14, 16, 17] will help us to have a systematic treatment of the subject in terms of class operators. Firstly, we always have
Moreover, given r ≥ 1, we may define the class operator L, by
called local operator for X and, immediately, LF turns out to be the class of all locally finite groups. Another important class operator is H, defined by
called extension operator. It associates to X the class of hyper-X-groups, defined above. Note that a hyper-X-group is characterized by the fact that each nontrivial homomorphic image has a normal subgroup belonging to X. Hyperfinite groups HF and hypercyclic groups HZ are remarkable examples. Finally, we may define the class operator C by
The class FC is very well known, and also Z ∞ FC,ČC, S 2 FC have been largely studied (see the references in [17] or also [14, §14.5] ).
It may be useful to note that In Section 2 we will study the above questions as well as (1.2). Homological machineries may be avoided, generalizing the methods of Thomas in [19] .
Results

If φ : H → H
φ is an isomorphism (and G and H act compatibly upon each other by conjugation), it is possible to define the overgroup
′ ∈ H , which turns out to contain G and H via the canonical inclusions
Details can be found in [9, 12, 15] . If one looks at G and H as normal subgroups of a bigger group M , then the following argument may be applied (see for instance [9, p. 23] ). Denote with X G a generating set for G and with X H one for H and let X = X G ∪ X H . Now denote by X G a generating set of G, closed under conjugation by elements of X, and by X H the corresponding for H. By [9, 19] , we have that
The next lemma summarizes most of the previous information.
Lemma 2.1. Let G and H be two normal subgroups (acting compatibly and by conjugation upon each other) of a group M . Then
Proof. (i) and (ii) can be found in [19] . It remains to prove (iii). The following sequence describes G ⊗ H as a central extension of
The reader may find different proofs of Lemma 2.1(i) and (ii) also in [12] . Now we may reformulate for our aims Theorem 1.1. Theorem 2.2. Let G and H be two normal subgroups (acting compatibly and by conjugation upon each other) of a group M containing η(G, H). If G, H ∈ X, then G ⊗ H ∈ X.
Proof. From Lemma 2.1(ii) we have that
This means that G ⊗ H is isomorphic to a subgroup of G ∩ H ∈ X and, having in mind that SX = QX = X, we may conclude that G ⊗ H ∈ X.
Some consequences are listed below. 
Proof. The main statement is clearly an application of Theorem 2.2. Now, from (1.3) and knowing that SP = QP = P, (i), (ii), (iii) and (iv) follow.
We make an observation on the argument of the proof of Theorem 2.2.
Remark 2.4. Some of the proofs of the results summarized in Theorem 1.1 use the fact that the class of groups (which is involved) is closed under extensions. This is not used in the proof of Theorem 2.2.
Another result similar to Theorem 2.2 is the following. Theorem 2.5. Let G and H be two normal subgroups (acting compatibly and by conjugation upon each other) of a group M containing η(G, H). If G and H are finitely presented and G ∩ H has finite index in G (or in H), then G ⊗ H is finitely presented.
Proof. From a well-known result of P. Hall [14, 14.1.3], we may deduce that finite index subgroups of finitely presented groups are finitely presented. Now G ∩ H has finite index in G (or H) and so it is finitely presented. From Lemma 2.1(ii) we have
and then G ⊗ H is finitely presented too. The result follows. [14, 3. 2.9 at p. 77 and 6.4.15 at p. 184]) shows that there exist finitely presented groups with subgroups and quotients which are not finitely presented. This means that the property of being finitely presented is not closed with respect to forming subgroups and quotients. Then the assumption that G ∩ H has finite index in G cannot be omitted in Theorem 2.5.
Remark 2.7. It is important to recall that in [5] Brown and Loday describe the role of the nonabelian tensor product in algebraic topology (see also [1, 11] ). They showed that the third homotopy group of the suspension of an EilenbergMacLane space K(G, 1) satisfies the condition π 3 SK(G, 1) ≃ J 2 (G). Also, the nonabelian tensor product is used to describe the third relative homotopy group of a triad as a (nonabelian) tensor product of the second homotopy groups of appropriate subspaces. More specifically, let a CW-complex X be the union X = A ∪ B of two path connected CW-subcomplexes A and B whose intersection C = A∩B is path connected. Suppose that the canonical homomorphisms π 1 (C) → π 1 (A) and π 1 (C) → π 1 (B) are surjective. Then, one can see that C) , where the groups π 2 (A, C) and π 2 (B, C) act upon each another via π 1 (C).
In virtue of the previous remark, it is interesting to see whenever there exist geometric or topological conditions which are closed under the formation of the nonabelian tensor square. An example comes from an asymptotic invariant of discrete groups (i.e. a well-defined property of groups which is invariant under quasi-isometries [8, 13] ) of topological nature, due to Brick and Mihalik [2, 18] . Definition 2.8 (See [2, 18] ). The simply connected non-compact complex X is qsf (i.e., quasi simply filtered ) if for any connected finite subcomplex C ⊂ X there exists a finite simply connected complex K and a cellular map f : K → X so that C ⊂ f (K) and f | f −1 (C) : f −1 (C) → C is a cellular homeomorphism. A finitely presented group G is qsf if the universal covering of the presentation 2-complex associated to one of its presentations is qsf.
Some crucial properties of the qsf condition are the following.
Lemma 2.9 (See [2, 3] ). Let G be a finitely presented group.
(i) G is qsf if and only if a finite index subgroup H of G is qsf.
(ii) If G = A * C B is the amalgamated product of two finitely presented groups A and B over a common finitely generated subgroup C, then G is qsf provided so are A and B. (iii) Assume that 1 → A → G → B → 1 is a short exact sequence of infinite finitely presented groups. If A and B are qsf, then G is qsf.
Corollary 2.10. In the hypotheses of Theorem 2.5, if G and H are two infinite qsf groups, then G ⊗ H is qsf. Moreover, if η(G, H) is finitely presented, then it is qsf.
Proof. From Theorem 2.5 we may conclude that G ⊗ H is finitely presented. Lemma 2.1(ii) implies that G ⊗ H ≃ G η(G,H) ∩ H η(G,H) = G ∩ H ≤ G. The subgroup G ∩ H is an infinite finitely presented group since it is a finite index finitely presented subgroup of G (by the aforementioned [14, 14.1.3] ). Since finite index subgroups of qsf groups are qsf by Lemma 2.9(i), G ∩ H is qsf too (because it has finite index in G (or in H) which is qsf). It follows that G ⊗ H is qsf.
Assume now that η(G, H) is finitely presented. In order to prove that η(G, H) is qsf, consider the short exact sequence 1 → G ⊗ H → (G ⊗ H) ⋊ H → H → 1, which implies that (G ⊗ H) ⋊ H is qsf by Lemma 2.9(iii) and by the fact that we have just proved that G ⊗ H is infinite and qsf. Similarly, the short exact sequence 1 → (G ⊗ H) ⋊ H → ((G ⊗ H) ⋊ H) ⋊ G → G → 1 implies that ((G ⊗ H) ⋊ H) ⋊ G is qsf by Lemma 2.9(iii) and by the fact (G ⊗ H) ⋊ H is qsf. From Lemma 2.1(i) we conclude that η(G, H) is qsf.
